
 

YangMills functional Inshntons

Prerequisites

P B is a G principal bundle IN G is a right actin
un P and

the action is free pz p g e

Heath transition t.ws p 6 Pgi
An doch trinken Yu a IN U 6 can bechooze.sk

tülp.sk 4iYp.sI.h

Er Xerg the klanental not held FEMTM is

Es dl.lk d kolp expltH

The adjoint representation of a lie group 6 is

Ad G AH Ads dear

du dgl g h g is the conjugation
E mehr groups Adgkt g X g



Th adjoint reprankhn oh a lie algebra g D

ad g Endlos ad IN Kid

and dead ad

wcRYP.gr MTPxog is called connection 1 torn it

Röw Adjow kgeG
Tp X kterg

The set oh anmetin 1 terms is dehnt as

IP w connect 1 form

Wp induces a splitting

Pute ftp.fLol
B

TH Tpp Hp

denote the horizontal projection

The urvater km u.r.tw is RENIP g
11h4 du HI M



Proposition ht Inik Inkl.gl lwkl.nl
HI.ThnSkdwtEIww

If G is abelian then I 7 0 and so 1 du
and hence dh ddwn 0

ae ngenvhdh HxHxH O

Adjoint binden ht P B be a Gprincipal back and

Ad 6 Adlig An adjoint repunktin Then seh

Puig Pxig 16

when Guts on Perry by

p.ir g p.g.Adgn v

Then Png B D a not bunch akut adjoint bundle
Given a connective 1 farm one cm dehn a covariant derivate

D on Pxtag by

Dihk irnD lpkd.dxvlndtAd lpwlXDlrk.DJ
lp dxrtLp ulH.r

h XEIB which is well dehnt



Local description

lel µ be an open am ol B sad Kd Pha is trivial
ht sa Ua Plug be a section on Ua
Seh Maß Hanks Then then on gap Maß 6 s

So Jap sp

and they schish the cocyck conditions

Jax e Gas Gbr Jay

let w be a
connection Atm and I its awake Um

an set

wa säure Ua g da Äh eRYU gl
Then for a cMaß one Gets

Wish Adgashotoweln tdlg.rsuoT gan Iu
Dß Adgap.lu da

t.tw 5 an annika 1 terms An

Wp 5s Alg.rs no wa uI



So on PmaDg We get

sp.hn 5 H Iss Adgmu.no wa w HII
lsa w wTIlH

So an dilhem ol two anmuth Atoms induces a Wm
in NIB Puig Furthermore IP is a ahh rack space

Analogously ter R

sp.hnX.YII s la X.D

So 2 induces a globally chhmd2 LSTERYB.Pxn.az



Hodge Star operate

In the lettering let U be an IR unter space with symmetrie

non degenerate bilinear fern C 3 lt does not need to be
positivedefinite

ht en e be a generalized orthonormal basis i e it is
a basis and

ei es E Es It

ohhh symmetrie non degenerate bilde km C J on

Air by

w 2 ci Ein Einwlein ein 2 ein ein

which is a basis independent definition

Let V be oriented and en en be a positively oriented

Wedeln An when tun

vol ein dei c ÄH

which engen s basis independent up tonieteten



Thee is a unique liar map IV Äh
called Hodge str operate s.hr

way wie rot

hr all we AHH gefühlt
Properties ht w.ge Atv and lel p indl then

w 1 K
l Pw o

w y 1 P weg oo

U V b a euclidean net span ol dimension 4 Then

Air Air schsten

z.lk Ito
D icho f 1

By too we get that es an isometry and kenn
has Eigenvalues 1 We get the decomposition

IV HIV AIM

with he Latin seht durch 2 turns

III we AVI u tu



ht g C and g D's be a resorting with 1 0
Then e ei is a generalized UND ol V k g And
e dei Hau

vols t vols

Er we ÄH zelt V we have

w y vLg way Lw y volg

Lw n it vds
w Ü y als

kenn D

In patient ih n 1k Hm So Um Hodge st
guter is seid to be untermalten invariant



Yay Mills huschend

Physical motivation 54121 wach intuch
SUD streng intrechen

In A following let M be a Carpet oriented Riemannian

4 manifold and P M an SKIN bundle

G SUINtLA.ca n eIIA A 1 chtA13rgsu N fAeMatlnxn.CIIA A t.CA O

he doku h suktersuk IR

HAB t.lt

which is a Ad invariant positiv.chnite.symnehzbihhe tun i e

HAHA tk DI dH.B Vse.HN

It yields a Riemannian mute d a PHI by

Nlp A p.tt HAB
H w is a annahm 1 tun kenn the www.utchiihu
Dw on PmaDj is a mühe anmuten v r.t.tl



ht ST.eu M.PxAdrg
kthcwutnkmotw.ThndTT

0 Band idukki

du du d is the extern heiraten on a net bundle

hinkt Rücktritt
Eil ylfxi.XI.to Ä tk

Locally He Bianchi identity reads

dlatlwo.sk 0

which is a nonhhwege.in Er w

dehn Hu Yang Mills Legrand

Lyn CP situik um EHEN E

The Yang Mill ach then is

synkkf.hnwIHetr.w.yERYM.EI PlTMxoEIwikwE wi.ixodxindi.y
Eyn.exodxhdxeve.se

Kurz Eu dluii.hu dxindxiidxIdx



Du to the Hodge str gut um sie

klärst 5 II rot

du C 3 denotes An sah pocket on ÄT M Pma
Hence

Lyn Ikrk 0

Gange transformations l P P dilkomorpl.sn st ftp.g l p g
and 41ps P ß

lange www.uol Lyn ht w.cl P and4 P

sPbngeugetrusbrmckm.Thnhlw4 w.X.Yc TM

STYX Is.si dskl.dsl4lB
ls 4hldslHdsl4lD
fenos liI rlkDJls
ls Adgnoi.li rlKH

when g P 6 is and Hd Hp p glp Henn

ST Adjnost

and by the Ad inviana d d we get

dlri.si tlrn sD



and Huete Lynlwt tynlwl.is
Contrudieriana fynlw.se Lym w by ankernd
invariana oh the Hodge str operate hr 4 2 2 2 4



The Enke Lagrange egnetins

A cannot 1 tun w is called Yang Milli connection ihr
w n critical h ImSymbol

Let w wtty be a voretin at a cannot 1 ten ie

w we c P und geh P sieht is a Addiniert 1 fern
b Kd

Re dutt Ela
dwttdztflw.no It llw.itly.it OHY

Rttldytlw.yJt0ltYHeuSTeSTttdwE Tu cNIM.suM will
supply M un geh

In Lyn III In t.lsun.su
Ethan d Hunts E

fnklkzhx.si
In dlt.lu si t t.tzndY.si

by Stokes

Hu waited k Lyn du 5 0



Instatus and Energy bomb

It we IP n Kuli soll And i e STERILMRudy
Hun u is a Yang Mills annahm
Root DIE NÄ O by Bianchi

idmttr.tnanti sdIdndcmmctin1 tm is called ASD insten

he an decompose

f ST t SI

where Ä cREIM Haag Then

Hsin II
tun Ttt It Er E

d 5 5 NETT

1 5 1 5 In E

KI E Tis wol

Hence

Sein f MEITNER nl



On the other Land

D klirr Hansi.tn IErfisInEI
ST n sT sInI

dlsIn sI sIn
KI.SI E E

uol.liset

c Im Hirn f HER HIT rot
Thun Exercise

Syn KI

with equality it and only it Ä 0 Then Syn Ic

U M be a smooth manifold The h.tl de Rahn
cohomology of M is

Haifa huld 14M.IRNtYn.RDimldsiYM.IRI sr4MlRl

0 1 5 5 is a 4 fern By dimensional reasons 0 D

closed and Kehre dikes n deRahn dass 0 cHÄM



On a carpet connected 4 manifold the integrate et forms
yield an isomorphism

HÜHNER hin Sun

So the dass 23 yields a mir nah in IR But a
could depend on the connect 1 km wech Kann this

is not the case let wo e IP Ihn

w.tt w w c AP CP o alten span

Then SIE du Ihren
III dly w.lt w u uoIttlu u u wI

d un uo tfwt.u wo

Älv wo

Then De dlsi.rs
2 211541 541 21 5 1 dwtlw.no

2ddIhtnhuwoD 2dIdEhtnku w

Ihn b integralen

4 so a dt zdfillsc.eewnwd1dt



and so in cohomology Dit so

In LA this is Hu hat Ponton number Ifor buch

pnlpx.uaHlhI fndIsTnsT
und so

4oz pnlpxn.us IM 8 iq PxAasnlHfM

den alp d IM the 2 Chen number

One cm show At the first Pontrjagen umle

k pr IP sah lustenton number

s an intern Hence Syn 4T N

Theon Atiyah Hihi Singer let M be a compact alt dud
Riemannian 4 manifold with positu sah cnn.hn ht P M
be a 6 principal bundle der G is compact semi simple Then

Signet
indID p Png E x e den6

Er druckst

www.hdlD is the index at the Dina guck or more

detailed the deinensin of the moduli span ol irreducible sehtdud
counties on P



Assam ST An

Syn In SIND 4EN hnYi.clD tEdx etdn6



BPST Instuton

construct an instata on euclidean IR

Eth anregen at the YangMills Antal A field strength

vanishes schiciathy fest at intuits

Wen ich.tk R with An guten.ms IH by

R xnxx.ixxsjtxc.tn EH

denote by also the corresponding genutunion and set

Reflex Ihk itxsjth.hn
The Euclidean inn product agrees with An genutruinie

inn product x y Ref Th Nam sk ERe x.x

Th Lie group SUN s isomorphic to
SPIN c HI 1 1713

and snkt s.pk lxc H RelxI 0J



6 er L
dx
ndxntidxntjdxstldxudxdxn idxn jdg

hdxy.ttP IR xsutd IHXS.PK Retrial bundle The
w c NIR spk

d In d

is a self And annähen 1 tun The umtun hm is

5kt 1
1 11 dxidi

And the inshnten number is

Erfährst In III pix 1

R i cmfrm.hn equivalent to S with a point removed

Sinn An lachtseltcludih conditions m ankernden equieht an

insteuten a R induces an insteuten on S

An instant on IR nahm an insterten er 5 S es an

Skl principal bundle Analogously to Hupt tibahn 5 S



Electrodynamics

ht µ be Lorentzian 4manifold with signatur t.tit.tt

lt P M be a 411 principal bundle Then uh IR

ht we Ip a cannot Ate and STESHM.HR its
cwutu.hn write 1 iF µ FENIM.IR

ht ftp.y.z be local coordinates on M s LG 7 0

and 4 f 7 0 he mit

F E dxndti E.dyndttEzdzndt
BxdyndztBydzndxtbzdxr.de

and we set E E Er Ez 5 B By Bz Tu

dir 5 0 Gauß lawDI o
rot E II Freakish

which on the tut tu Maxwell egrets

The line YangMills actin Syn ffnFr F would had
to the El Lagrange emilia d F 0 Hwan this is just
a nenn field L out to couple it to malte



Pid an abachgrand connection 1 Ln c IP Then kaywc.CM
An dikrum w u induces a 1 tormiA itlw.no eRM.ilRI It
sohu.hn DA F Fo ht fehYM.IR hechten

Ip NIMM Hu EINE Art

The Kuh Lagrange equations an

d F f 0

The kgrang.ms dependent on the choice of background

anmuten w but not the Enter Lagrange egnetn.lt ü s

didnt bendgrand amuck then

Lhd Flut AIw.eu

ntuhidcfhhtgretn is just a casket

F t.chlM.lRIwewniktgdxndyndz jxdtndyndz jndtndzndx jzdl 11 11

here g is the electra charge density and J jx.jy.jo
the electric current density Then

df dd F o

die 0 Continuity egnatia



In M.hlou.li span R u cm denkt the Hodge st
guter explickh and find

dir E g Content's Law
d Itt O

d E EE Amper's law

To summarize

DF 0 and d Ftf

Onthe Maxwell urchins with continuity ematen dt o

Te Einstein granite one uses An Lagune

g Esels vols

where Am mtz is to be considered dynamical mich



Ahronor Bahn Ekel

Why do u need gauge theory physically

h ca ab neun the E and Ö field in F
Not the connected 1 ten A

Howie A does hm an ethut an systems

electra

d In slit measurement

Outside at the zylinder we have 5 0 bat it
Äto inside the cylinder then A 0 outside th cylinder

The potential A stilts An pur ol An wartende ul the
electra path depinduky

Online at the experiment is dependent on the rahm
of Ä inside the cylinder


