


Compactness Theorem

Recall :

Let ( X
, g) be a Oriented Riemannian n - manifold

and let E-→ X be a G- bundle over X .

→ a -- Suk) unless otherwise stated
.

→ ( o

,
.> natural tensor product metric on

Atm ④ ge
induced by g and the

Ada invariant
metric - tray) on g

→ we get A 1- IF, I invariant under the

action of GLEI .

Yang mills Functional :

YMIA) 24
,

fat
'

The Euler Lagrange equations give the following

equations -

da FA -

-
O = date Fa

mm

→ YM 3 SITE if too SD inStanton

with equality iff F
.

=o

-

→ YM z - ftp. if kso
ASD instantons

with equality iff Ft -- o
-

where k is c. CE) .



if A is self - dual or Anti - Self dual then
,

A automatically satisfy the Yang mills

equation .

Uhlenbeck's Gauge Fixing theorem
.

There are constants E. Mso s - t any Connection

A on the trivial bundle over 154 with

HFAH pie
is gauge equivalent to a connection

I over B
" with

dta =0

him Ar '- o
Ini→ I

HAHW,
' MHFIIH

,
.

Moreover , the
constant e

,
M ,

the connection A

is uniquely determined by these properties

upto the gauge
transformation I →

no Anni
'

for a constant no .



Removable Singularity theorem :

Let A be a connection over a puncture ball

1341903 which is ASD w - r- t a smooth metric over

Bh
.

If JIFCA) )
'

cos

1341903

then 7 Connection A
'
on a bundle E ' over 134 &

a bundle map p : E → E' 1,3g, go,
with EMA ') - A .



A - space of all connections on E

b - gauge group

define B = %
let l > 2 ,

→ wt- ' il be the connections which differ

from a Smooth Connection by a Wl- " 2 Section of

Ttx ④ GE

=) We '
'

gauge transformation acts on them
.

Define BIG := All)/gce)
where All) = Wh ' ' ' connections on E

dyce) = we '
'

gauge transformation

Define t metric on All)

HA - BH =

LA
- 1312dm )

"'

f-1,2
A - B t W ( x , Tx

.

④ SE )
This L

' metric is gauge invariant
,
so descends

to a distance function on Ble) .

d( CAT
,

) = inf HA- g( B) 11
gfly



Lemmy: d is a metric on Ble)

Proofi
we have to show , d( CAI

,
1=0 ⇒ [A) = LB] .

Let Ba be a sequence in A
, gauge equivalent

to B converging in L
' to A .

we have to

show A is gauge equivalent to B

we have
,

B
,

= a. Bu? - dylan!
⇒ du

,
= YB - Bu

,

- (Tx)
B 2

The u
,

are uniformly bounded since G is

compact & lse
.

(*) shows u
,

e- End CE) has a subsequence that

converge weakly in W' c ' and strongly in L
'

to

a limit u and u satisfies the equation .

dpgu = UB - A u

If q is any test function on End E we

have
,

2 DBU ,
9) = him (dp.ua , 9) =

him ( UAB - Bua , p )
&

= SUB - Au , 97 as Bau, → An .



This equation u is an overdetermined elliptic
l - 1,2

equation with W coefficients . So by usual

elliptic bootstrapping ,
u E Wl '

'

.

clearly u is unitary section in End E
.

1B

Moduli space
:

Let the moduli space of Asp instantons FTA) - o be

denoted Mlt)
,

l > 2 .

clearly Mle) c Ble) of W
""

Asp instantons

modulo Wl ' '
gauge transformation

.

Wl '' connections
Proposition :

p

the natural inclusion of Muti) c, Mll) is a

Iwl-1,2 Connect
homeomorphism .

Proof :

we know from the gauge firing theorem
,

F Eso s - t t wt" ' connection with KA -Bllwe, ,z<
E

7- u t Wd '
'

gauge transformation with

dtalu
"

(B) - A) so ( nilB) Coulomb w-r - t A)

By symmetry ,
A is also Coulomb gauge

&

relative to a-
'

CB) ie.

, d
,
(UCA) -B) =o



By writing . A 's UCA) -- Bta ;

d: a =o

Since the smooth Connections are dense
,
we can

choose B to be smooth
.

The difference I - form

"

a

"

also satisfies

dpta t Cana)
t

= - Ept ( ASD equation for

Fata = Fatt d#att an at
A ' )

Thus (dp&⑧ dpt ) a dies in Wl
- " ' because .

FB is smooth & ( an a)
t

e Wl- ' 12

Recall : dBt① dot is elliptic

So by basic elliptic regularity results gives

A E Wh ' '
.

This shows the natural map is Surjective &

it clearly injective .

Be



The Compactification theorem :

Def An ideal ASD connection over X of Chern

class k is a pair

( [ A) , Inc . . . - - ne ) )

where CA) E Mlk - e) and In , .
. . - ne) is a multiset of

unordered l- tuple of points in X
.

The curvature

density of ( [ AT , In . . - - - ne) is the measure

LFCAH't sit §
,

Snr

Detn : (weak Convergence )
Tet Aa

,
at Nl be a sequence of Connections of

Chan class k .
we say that [AD of gauge

equivalence classes converge weakly to a limiting

ideal ASD Connection @ AT
, 4 , . .

. -
ne) ) if

I . The curvature densities converge as
a measure ,

ie f f E CG)

↳ IMAI Tf du → SHHH 't dm t

X e

ft
' Ether)
ra



2 .

There are bundle maps

% : Pi 1×1 { a . . . . ne)
-' % lxlfn

. .
. . ne }

*

such that GL Aa) converges to A
,

cos on

compact subsets .

mm

This notion of Convergence endows the set of
all ideal Asp connections of fixed chan

class k with a topology .

Ima
-

- Mru Mh, x X U Mk
. ,
X STX) U . . .

.

The ordinary moduli Space Mk is embedded as a

open set into Ink .

→ MI denotes its closure
.

Ma- IMK

Theorem :
-

The space MT is compact .

Enough to Prove that any infinite sequence in Mh

has a weakly convergent subsequence with a limit

point in MI .



Patching arguments .

In the following by Convergence we mean Coo

convergence over Compact sets .

Lemma l :
-

.

Suppose Aa is a sequence of Connections on a

bundle E over a base manifold r ( possibly non compact)

and let Ier be an interior domain . Suppose

3- ye Aut E
& Tst Aut Ets S.t. Ual Aa) converges

over r and UTCAA) converges over Jr
.

Then for

any compact set Ket we can find a subsequence

{a '3c{ay and gauge
transformation wa . c- Aut E

ft wa
-

- una , in a nbhd of K & the connections

Waihi ) converge over r .
Kester

Proof :
-

whoa assume Ua 's are identity .

So over at

both Aa and Tea ( Aa) are Convergent Sequence of
.

1

Connections .

→ take a subsequence vial which converges over I

to T
.

~

→ Fin a precompact nbhd N s - t KEN Er

→ extend un )
,

to r arbitrarily to ut



→ Also over N write

Tae - exp (g) ri
nu -

-

ri on N

for sections es, of ge which converges to 0
.

→ Let y be a function S - t supply) E N &

41k =/ .

~ on
N

→ define wa
' =exp(④q , )u& wi

-

-

Ui

Then wa, ( Aai) are convergent one because

3. i converge over the supply) & Wai EUI, on

a nhhd of K
.

1B

Lemma

Suppose that r is exhausted by an increasing

sequence of pseeompaet open sets .

U ,
E Uz E - -

. . .
.ES ¥

,

Un =D

Suppose Aa is a sequence of connections over r

and for each n there is a Subsequence { a
' } &

gauge transformation ua
' f Aut Ely et un Ita')

Converges over Un .
Then 7 is a Subsequence &

a sequence of gauge transformation at the

transformed Connection Converge over all r .



¥3 :

Suppose r is a union of domains 1=2,
Utz

and Aa is a sequence of connections on a

Bundle E over r . If there are sequences of

gauge transformations g e Aut Ele
,

& wa e Aut Ete
,

s.tv/Aa ) and Wal Aa) converge over r, &

Az ,
then 7 a subsequence { a' 3 and gauge

transformations u; over r sit un ( Aac) converges

over 1.

Proofi

By Lemma 2
,
it suffices to consider a Compact

Subset of r covered by precompact sets

r ,

'
er, e ri era . rivri

→ choose k compact
,,
I e r

r,

'

n ri Ek e r,
nra El,

After modifying Va and taking a subsequence ,

we may assume Kawa on rinse' .
Then these

sequences glue together to define u
,
over the

union riuri . Bae



Corollary :
-

Suppose A
,

is a sequence of connections on a bundle

E over r s - t t at r I open nbhd Dn of a ,

a Subsequence {a' } & gauge transformations g ,

defined over Da Sit ra ' ( Asi) converges over Da

Then 7 a subsequence { a " } and gauge

transformations na
" defined over all of h

s- t na" CA, " ) converges over all r .

Prod:

Again by lemma 2
,
we restrict to a psecompaet

Subset of r ,

also assume this set is a finite

Union of nbhds Di . - . Dm S- t Dis satisfy

the hypothesis .

Then by induction
,
7 a subsequence & gauge

transformations S - t the transformed Connections

converge over Im .i= Div . - -
v Dm - c

& by lemma 3

applied to the pair Sm - i ,
Dm gives the result

Bk



From the ASD equation and Uhlenbeck , theorem

we get,

Theorem :

-

Let r be an oriented Riemannian 4 manifold
.

True for Yang -Mills .

Suppose Aa is a sequence of ASI connections on E

over r with the property as follows
.

tf ntr 7 geodesic ball Da s - t t a >so

§
.

( HADI
-

du e ez

where E > o is the constant from the gauge

fining theorem .

Then 7
,

a subsequence { a '} & gauge

transformation Ua . S- t ma' l Aal) converges over r .

Uhlenbeck's theorem :

For any sequence of ASD Connections Aa over

154 with KHAI Ha f e a subsequence d
'
&

L

gauge equivalent connections I
,
which Converge in

Coo on the open ball
.



Proof of Compactness theorem :

The proof follows from two pieces of general

theory .

I . we shall Consider the curvature density of an

ASD connection as a measure .

By Reisz Representation theorem

Thm :
-

Compact hausdorff space .

Let x be a

then C Cx)
&
= Complex measures with total

variation norm
Mlk)

.

k

y : Mex) → ccx)

u 1-3 helm) : fl-s ffdm
×

For any sequence of positive measures on X

with J×dy bounded then by Banach - ltlaoglu

theorem 3 Subsequence { al } Converging to a

limiting measure v in the sense
,
t t continuous

on X
,

↳ fdny , → ffdv
weak * Convergence

x



2 . The second piece og theory involves interpreting
the curvature density of ASD connection A as

a topological invariant
.

{ f- CAN
'

= - f Tr (FIA)
-

I z - SITZKCE) .

The main role of this is to give a L
'

bound

of the curvature of ASD connections .

mm

Chern - Simon invariant

Cf : Hoer Homology groups in

Yang - Mills theory by

S . K . Donaldson .

Let 7 be a Compact oriented 4 manifold with

27 -

-W R B be a connection over W
.

Choose any extension of B to a connection

A- over Z .

SIHAIT is well defined mod fr'll

Z

and depends only on the connection B over W
.

Alternatively
,

we choose a trivilizalion over

w to represent the connection by a

connection matrix B



then

TWCB) = ¥JwTr(dBrB t IBA BAB) mod 2
.

This depends on the trivilizalion only up
to a

integer .

→ The only fact we will be using is that

TWCB) depends Continuously on
B .

mm

Let A be a sequence of ASD connections on E

with GCE) -

- k
. we will first show that I is a

finite set { a , . . . . mp3 in X St after taking a

Subsequence X ( { a , . . . . npg satisfies the theorem .

choose a subsequence Lal} So that LFCALIZ

Converge as a measure to u
,

then we
have

Gyo
'

-
heh

so 7 almost 8h42 point which have a

-2

geodesic ball of imeasure s e
'

.

ie
. , fdv se

'
.

Dn

we let these points be {ni . . . .- up} .



Then by the theorem I {a
"} c Ea

' } & gauge

transformations na " over X1 {n . . . . . up } sit

Ud" ( Aall) converges over this punctured manifold

to an ASD connection A on Elxlgn
,

.
. - up } .

clearly ,
J ( FIA) I

'

a- folk

Xl Eni . - - Mp3

then by removable singularity theorem this

extends to a connection on a bundle E
'
over X .

E
' -4 E if p >o as we have a strict

inequality above if pso . v=

The limiting measure v islFlAH2tIe@Snr.for
Some Nr ZE

?

-

we need to show that nr E Z .

This

follows from relative Chern Weil theory .

choose disjoint balls Zr centered around an
.

Taz! At limtjz.CA! ) ElR/z
-

After gauge transformation
,
the connections

Converge in Cb on 27
.

.



But we have the convergence of measures

which gives .

nr
-

- ¥,
dim fz

,

Trl FCAT ) - Tr (FAST

using the defn ay Taz
,

wi terms of extension

over the balls Zr We see nr =o mod 21
.

Ba



E - regularity theorem .

Let (Mg ) be a Riemannian Manifold
.

Let iniglp ) be

the infectivity radius at pen .

For a fined pem ,
we let osrp a injgcp ) sit

→ 3 normal nbhd Cnl
,
. . -

n
"

) centered at p and

if Clp) > o S - t gij Satisfies .

I - 19,j - Si; l E Clp) Inf

2 . ldngij / E Ccp) Int

Not: 9i; IP) - Sij & 2kg ; ; Cp)
- o . Taylor expansion

about p gives the required nbhd .

Theorem l :
-

Let ( M,9) be a Riemannian manifold with n ? 4.4

E be a G - bundle over M
,

0 be a Yang

Mills connection with finite L
'

energy .

Given

PEM ,
7 Eo > o & C 30 S - t t e

,
Oct Erp

if
E =L

ph
-443
,

Fol
"

dug s so

then

sup ( Foia, s CI
"

Begley
e't



Lemmata :
Boehner type estimate

Given pen & OC re injglp) 7 c
,
c
'
20 where

→ c depends on n & curvature R
'
on BICH

→ c
'

depends on n & G

Srt .

1) g- Hot > - c Hoi - c' I Fop on Brcp) .

Notion : Dj = - d&d : C
-

(m) → CMH

Lemma 2 :

-

Harnack - Moser inequality

Let PEM & O L re injgcp) & co > o be given .

2-

If a C- CYBTCP) ) ,
Uzo &

A. g- us, - Con on Br (p)

then

'

II
.

' ftp.ra.id"
depends on n

,
r &

RS
.



then : Monotonicity formula

let pen , np & Clp) are as defined before
.

Then I a =a( n
, pig) s

, Oli) Cfp) set the following

holds
.

t o
, e ;

Oe re t E rp

eaton't -ng ( Fol
'

avg e eat ft - n ) Hotdog
Bolts) Be (p)

Proof of main theorem :

The stated bounds won't be affected by the

scaling g -1dg
,
e→ Why for some constant dso .

So
, we can Suppose 721 .

{ =) Hot 'dvg e Eo

B. ( P )

we have to prove E > 0 Sufficiently small

sup Hien, E CE
ne Bill)

Define a function f :[0,13 → [ga)

r 1- (i - rt sup Holen)
at BRCP)

1=7 Erp
< injgfp )



r 1- sup Holly is continuous on Cai .

at Brlp)

⇒ f is continuous & attains maximum

Say at rot [o , c)

• b : -
- sup folk )
at Broce)

• no C- Bro (p) S - t (Folly) -- b

• r
'
-
= f- ( i - ro)

So
,

f-fro ) = 4dB .

clearly Fo =o on 13,1ps ⇐ f -o ⇐
b=o ⇐ F- o

⇐ to =/

If f=o then we are done
.

The desired bound

follows for any C > 0
.

If f- to ie o > o then

sup ( Folk) e sup fol Cn)
NE Breno) ne Br+ro(P)

f- (otro)
=
1-

( l
- ( otro ))

'

E 1- f- ( ro)

( I - Lotto ))
'

l - @ + ro) = 070

= # f- Cro) = 4 b



Iain : f-fro) Ello if Eo -

- Eoln , p , 9,4 ) is

small enough .

Proof

Suppose f- Cro) > 16

⇒ Nb 72

define of :=bg

So
, Holy = tblfolg

Brr
,
Choi 5) = Br(no ; g )

sup Holguin Holguin)
" Bino; g,

E sup
NE Barb ( no ; 9)

= t sup lfolgtnl
b
ne Bino ,
- (tx)E 4

clearly ,
O ni yang mills w.r.to g- too . This

follows by noting tag
= BE -2kg on 2 - forms

&

rpCgYIrpC9lrbBaCni9IEB@tr.gr
,

( P 's E Brpcggrblp '

' 5)

we have from
,
lemma I

,

boiled; s. - CHOI } - c
'

# Pg on Blnosoi)



From (t) we have

Dj Holy 3
- Cc -1441 Frig on Bino ; 51

From lemma 2
,
we obtain

f- Hol 'gCno) EE f lfotgdvg
B. Cno ; 5)

we know that orb S2

T El
,

b > o & I - Pk Rp

⇒ ostracize rp

§
,↳g,

#LINE
""

I Ifoigdrg ( E- bad
B

¥(no, 9)
'
-

ftp./-neFfIFoTdrge%31Bfslnoi9)

here "
a
"
from mon tonicity

Now apply monotonicity lemma

I
④

4-

neff ( Foigdvg
Bizlno :S )

E 2^-924 Eo

So we have l E 2
" - "

EF e .



If Eo is chosen sufficiently Small

this gives a Contradiction
Ba

So we have fer) e Ib
tr Elo , I]

take ret

sup Holly c- 64
at BIG)

Apply lemma 1 again

A.g-Fol
'

3 - cc -164 d) Hol
'

on Bez

Apply lemma z again to obtain the

required result
.


